Notes on "Ewald summation of electrostatic multipole interactions up to quadrupolar level" [J. Chem. Phys. 119, 7471 (2003) (2003)] published in this journal, Ewald summation expressions were derived for the energy, interatomic forces, pressure tensor, electrostatic field, and electrostatic field gradients in simulation system composed of molecules with charges, induced dipoles, and quadrupoles. In this letter we propose an alternative formulation of the reciprocal space terms generalized to higher multipoles, providing, at the same time, a few important corrections for previously published derivations. The present expressions, more compact than the ones proposed in the original work, provide a straightforward approach to implement an Ewald summation scheme for multipole interactions in codes where a standard Ewald summation is already available. A major result of the present derivation is an increase in the computational efficiency compared to the previous implementation of the several different electrostatic terms.
1
In a recent publication, Aguado and Madden 1 derived Ewald summation expressions for the energy, interatomic forces, pressure tensor, electrostatic field and electrostatic field gradients for simulation systems made of molecules with charges, induced dipoles and quadrupoles. For a collection of charged particles (represented by italic indices i ,j ,. . . )
each composed of a point-like charge distribution (represented by a,b,. . . preceded by the particle index), the total Coulomb energy is given by:
where φ(r ia ) is the electrostatic potential on site a of the particle i and q ia is the charge associated with this site. Rather than using the real expression of the Ewald summation (see Eq. (2) 1 ) we consider as starting point for our derivation the original work of Ewald 2 where the complex nature of the transformation is retained for the reciprocal space term:
q jb Erfc(κr ia,jb ) r ia,jb
In the above expression the first, the second and the third terms are respectively the real space energy term, the reciprocal space energy term and the self-interaction correction term. h = 2πĤ −T n is the reciprocal space vector, with n=(n x ,n y ,n z ) a vector of integers andĤ the unitary cell matrix relating the coordinates in the cell and laboratory frames defined according the original work of Aguado and Madden 1 (see Eq. (3) and Eq.(4) therein).
is the cell volume, h = | h|, r ia,jb = | r ia − r jb | and κ is the Ewald parameter.
The Fourier transform of the charge density is defined as
Following the idea of previous works 1, 3 , each point-like charge a (contributing to the charge density of particle i ) is described by the position vector r ia = R i + ξ ia , with R i the position vector of particle i (not necessarily associated with any charge). The distance between the two particles will be denoted R ij . The Coulomb energy expression (see Eq.(2)) will be considered as a function of the set of variables { ξ ia } and the three components of the energy expression will be expanded about ξ ia = 0:
For each particle i we will be able to identify the total charge Q i = a q ia , the total dipole
ia and the total quadrupole θ
, where α and β refer to Cartesian components. In the following part of this letter we will not force the quadrupole tensor to be traceless in the derivations, since the trace can be added/subtracted from all the formula without any effect.
After substitution of each term in Eq.(4) and performing the summation over the charges belonging to each particle i we can obtain the real space and self interaction terms exactly . For sake of completeness we report here the correct expression for the recursive formula fixed of a few typo errors:
where (2n − 1)!! denotes the double factorial. We note that the compact notation of the real space terms, is not only convenient to derive forces, electrostatic fields and stress tensor but it leads as well to an efficient implementation of these equations. All the multipolar tensors have been already defined in previous publications 5 with the exception of T αβγδǫ ij that is necessary for the evaluation of the forces with quadrupolar interactions. It can be 3 expressed in the following way:
The definition above completes the information required to compute forces, electrostatic field, electrostatic field gradients and stress tensor of the real space part of the Ewald summation using the compact multipolar tensor notation. It is worth mentioning that few The reciprocal space term requires particular attention. In fact, instead of expanding the trigonometric function and splitting all the interactions in several terms, we propose to expand the Fourier transform of the charge density 3 :
4 where we have employed the Einstein summation convention. In the above equation we have cut the expansion up to the quadrupolar interaction, but the extension to octupole and higher terms is straightforward.
The reciprocal space energy contribution is therefore equal to the standard reciprocal space
Ewald expression:
where we have explicitly shown the dependency of the density term ρ ⋆ ( h, R i ) from the particles coordinates R i . Q tot , µ tot and θ tot represent respectively the total charge, the total dipole and the total quadrupole of the simulation system. "Tr" stands for the trace of the quadrupole tensor. The Fourier transform of the extended charge density ρ ⋆ ( h, R i ) is defined as:
The difference compared to the standard Ewald summation scheme is fully contained in the term between parentheses, equal to Q i in the case of charge-only long range interactions.
Another important source of difference, in order to retrieve the proper interaction energy, is the h = 0 term. In fact, while it is discarded in charge-only Ewald sum schemes (implying a neutralizing background charge in case of non-zero total charge) it cannot be neglected for dipole-dipole and charge-quadrupole interactions whose limits for h → 0 is finite and give as a contribution the last terms in Eq. (8) . We also note that the charge-quadrupole contribution is exactly zero as long as the total charge is zero or the quadrupolar tensors are traceless. The h = 0 terms do not contribute to the evaluation of forces and stress tensor but they are important for the definition of the electrostatic potential, electrostatic field and electrostatic field gradients. All other multipolar interactions give a zero contribution in the case of h = 0 and therefore can be neglected.
5
The forces are easily derived differentiating the energy Eq.(8) with respect to R i :
where the symbol † identifies the complex conjugation and ℜ the real part of the complex number. The derivative of the extended density can be computed as follows:
By introducing the infinitesimal test charge δQ i at position R i , the electrostatic potential of the reciprocal space term is defined according to
where the φ( R i ) is the potential including the test charge contribution (i.e. the selfinteraction). The electrostatic field at R i can be defined as:
The αβ-component of the electrostatic field gradient at position R i is similarly obtained as the electrostatic field:
We note that the above definition of the electrostatic potential, electrostatic field and electrostatic field gradients is fully consistent with the definition of the electrostatic energy Eq. (8):
For the evaluation of the stress tensor it is convenient to observe that the reciprocal space energy can be expressed as a product of few terms depending on the simulation cell volume:
Following the definition of the stress tensor 9,10 , we can derive an easy and compact formulation for the stress tensor of the reciprocal space term for high multipole terms:
For the evaluation of the derivative of the extended charge density Eq.(9) it is useful to realize that ( h · R i ) products are invariant with respect to a cell deformation. Therefore the derivative of Eq.(9) with respect to the reciprocal space term ( h) β is given by:
In conclusion, we have provided a compact formulation for the reciprocal space terms of the energy, forces, electric field, electric field gradients and pressure tensor, based on an extended density including all the contribution of the multipolar expansion. We have also provided a few important corrections both to the real and reciprocal space terms in order to 7 allow a correct implementation of higher order Ewald summation schemes. In the present letter we have limited ourself to the case of quadrupole but the generalization is definitely straightforward to higher multipole moments. The present formulation represents also a more efficient scheme compared to the implementation of the different contributions as presented in the original work of Aguado and Madden 1 and requires only minor modifications to existing codes 11 performing standard Ewald summation in order to allow the treatment of long range multipolar interactions.
